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Chapter 276

Tests for Paired Sensitivities

Introduction

This procedure gives power or required sample size for comparing two diagnostic tests when the outcome
is sensitivity. In the design covered in this chapter, the two diagnostic tests are each performed on the same
subject.

Specifically, a set of N subjects is selected, and each is given both of the diagnostic tests being considered.
Subsequently, a gold standard test is also given and used to obtain the true presence or absence of the
disease. The gold standard may be a more expensive test or require the sacrifice of the subject.

The measures of diagnostic accuracy are sensitivity and specificity. Sensitivity (Se) is the probability that the
diagnostic test is positive for the disease, given that the subject actually has the disease. Specificity (Sp) is the
probability that the diagnostic test is negative, given that the subject does not have the disease.
Mathematically,

Sensitivity (Se) = Pr(+Test|Disease)
Specificity (Sp) = Pr(—Test|No Disease)

Li and Fine (2004) present sample size methodology for testing sensitivity and specificity using a paired,
prospective design. Their methodology is used here. Other useful references are Obuchowski and Zhou
(2002), Machin, Campbell, Tan, and Tan (2009), and Zhou, Obuchowski, and McClish (2002).

Technical Details

In this, two diagnostic tests are administered to each of N subjects. Of those, Np have the disease of interest.
The Nwp subjects without the disease are set aside, and only the Nj subjects with the disease are used in the
analysis. The results can be displayed in the following 2-by-2 table.

Test 2
Test 1 Yes No Total
Yes a b a+b
No c d c+d
Total a+c b+d Np

Pairs with the same response from Test 1 and Test 2 (Yes-Yes and No-No) are called concordant pairs. Pairs
with different responses (Yes-No and No-Yes) are call discordant pairs.
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The sensitivities for Test 1 and Test 2, respectively, are calculated as

Sey=Platb) =27
e; =P(a A
a+c
Se, =P(a+c) =
Np

Sensitivity Hypotheses

The null and alternative hypotheses that the sensitivities of the two tests are equal are
Hy,:Seq = Se, or Hy:Seq —Se; =0
Hi:Seq # Se, or Hi:Se; —Se, #0
or equivalently
Hy:P(a+b) =P(a+c) or Hy:P(a+b)—Pla+c)=0
Hi:P(a+b)#P(a+c) or Hi:P(a+b)—Pla+c)#0
These are equivalent to the hypotheses
Hy:P(b) = P(c) or Hy:P(b)—P(c)=0
Hy:P(b) # P(c) or Hi:P(b)—P(c)#0
The upper one-sided null and alternative hypotheses are
Hy:Seq < Se, or Hy:Se; —Se; <0
Hi:Se; > Se, or Hi:Se; —Se, >0
The lower one-sided null and alternative hypotheses are
Hy:Seq = Se, or Hy:Se; —Se; =0

Hl:Sel <S€2 or Hl:Sel_Sez <0

McNemar's Test

These hypotheses may all be tested using McNemar's paired-samples test statistic

2_(b—c)2
A= b+c

which follows a chi-square distribution with one degree of freedom.
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Power Analysis and Sample Size Calculation

The sample size problem reduces to a study of how many Yes-No's and No-Yes's are needed. Once this has
been determined, the overall sample size is found using the proportion of discordant pairs to inflate the
sample size appropriately.

Some power analysis programs follow an approximate procedure. Since the McNemar statistic follows the
binomial probability distribution for a fixed number of discordant pairs, they use formulas that use the
normal approximation to the binomial and then adjust the sample size depending on the proportion of
discordant pairs, PD = P(b) + P(c). This is called the conditional procedure.

One such approximate formula is given by Machin, Campbell, Fayers, and Pinol (1997):

(21aps@ + 1) + 2@+ D — @~ D2PD)
v W —1)?2PD

%, PD = P(b) + P(c), and a and 8 are the

usual type 1 and type 2 error rate probabilities. This sample size formula may be rearranged to compute the
power.

where s is the number of sides to the test (one or two), Y =

However, Schork and Williams (1980) published a formula which provides the exact results for the
unconditional case using multinomial enumeration of all possible outcomes. This formulation is also
available in PASS:

Np 1 y x=y
p _ Np! (1 — pD)No* (PD + 6) (PD - 6)
Ower_ZZ(ND—x)!y! (x — y)! 2 2
x=r y=0

where
PD =P(b) + P(c)
6 =P(b)—P(c)

Np, is total of all four cells (the number of diseased subjects)

T
7 is the smallest integer for which G) <a

X X
I is the largest integer such that Zﬁ-zo (]) G) sa
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Finally, to obtain the estimate of the total sample size, N, we inflate Np by the disease prevalence, P (the
proportion of diseased subjects in the population), using the equation

with fractional N values always being rounded up to the nearest whole number. This is called Method 0 in
the paper by Li and Fine (2004). We can calculate N, from N by rearranging this formula as

Np =N XxP,

with fractional N values always being rounded down to the nearest whole number.

Discussion - Multinomial Enumeration vs. Normal Approximation

The multinomial enumeration (exact) algorithm works for N < 2000. Above 2000, computing time goes up
and the algorithm has numerical problems. PASS lets you select either the multinomial enumeration (exact)
or the approximate solution. We have found that the approximate solution tends to result a sample size
that is about 10% less than the exact solution.

Because of the lengthy computer time necessary to compute the exact answer when Np > 2000, we suggest
that you use the approximate formula to begin with and then revert to the exact formula when you are
ready for your final results.
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Example 1 - Finding the Power

Suppose that diagnosing a certain disease has used a certain diagnostic test which has a sensitivity of 71%.
A new diagnostic test has been developed that is much less expensive and invasive. Researchers want to
design a paired, prospective study in which each subject will be given both the old and new diagnostic tests.
The data will be analyzed using a two-sided McNemar's test with a significance level of 0.05. From previous
studies, the percent discordant is estimated at 30%.

They want to consider changes in sensitivity of 10%, 15%, 20%, and 25%. These changes translate to
sensitivities of 78.10%, 81.65%, 85.20%, and 88.75%. The prevalence of the disease in the population of
interest is 20%. The power will be determined for trials with sample sizes between 300 and 2400
incremented by 300.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 1 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab

SOIVE FOI it Power

Power Calculation Method.............ccccoeiiinnns Multinomial Enumeration
Max Nb for Multinomial Enumeration............. 2000

Alternative Hypothesis ...........ccccoviieiiiiiiiiiiies Two-Sided

Alpha.....ooo e 0.05

N (Number of Subjects) ..........ccccvvvievieeiiiiinns 300 to 2400 by 300

P (Disease Prevalence) .........occcvveeieeeiiinnns 0.2

Sel (Sensitivity of Test 1) ....ceveeeviiiiiiiiieneennnn, 0.71

Se2 (Sensitivity of Test 2).....cceeeviiiiiviiienennnnn. 0.7810 0.8165 0.8520 0.8875
PD (Proportion Discordant)............cccceeeeeuuenes 0.3

276-5
© NCSS, LLC. All Rights Reserved.


http://www.ncss.com/

PASS Sample Size Software

Tests for Paired Sensitivities

NCSS.com

Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Reports

Numeric Results

Solve For: Power
Alternative Hypothesis: Two-Sided (H1: Sel - Se2 # 0)
Test Type: McNemar's Test
Number of
Subjects Sensitivity
Disease Proportion

Total Diseased Prevalence  Test1 Test 2 Difference Discordant Target
Power* N Nbp P Sel Se2 Sel - Se2 PD  Alphat
0.11747 300 60 0.2 0.71  0.7810 -0.0710 0.3 0.05
0.23843 600 120 0.2 0.71  0.7810 -0.0710 0.3 0.05
0.36606 900 180 0.2 0.71  0.7810 -0.0710 0.3 0.05
0.47690 1200 240 0.2 0.71  0.7810 -0.0710 0.3 0.05
0.57610 1500 300 0.2 0.71  0.7810 -0.0710 0.3 0.05
0.66190 1800 360 0.2 0.71  0.7810 -0.0710 0.3 0.05
0.73413 2100 420 0.2 0.71  0.7810 -0.0710 0.3 0.05
0.79363 2400 480 0.2 0.71  0.7810 -0.0710 0.3 0.05
0.25001 300 60 0.2 0.71 0.8165 -0.1065 0.3 0.05
0.50869 600 120 0.2 0.71  0.8165 -0.1065 0.3 0.05
0.71273 900 180 0.2 0.71 0.8165 -0.1065 0.3 0.05
0.83848 1200 240 0.2 0.71  0.8165 -0.1065 0.3 0.05
0.91322 1500 300 0.2 0.71  0.8165 -0.1065 0.3 0.05
0.95547 1800 360 0.2 0.71  0.8165 -0.1065 0.3 0.05
0.97782 2100 420 0.2 0.71  0.8165 -0.1065 0.3 0.05
0.98932 2400 480 0.2 0.71 0.8165 -0.1065 0.3 0.05

* Power was computed using multinomial enumeration of all possible outcomes (unconditional).

1T Warning: For small values of Nb (i.e., less than 100), power computed by Multinomial Enumeration may be overly optimistic
because the discrete nature of the multinomial distribution results in the actual alpha value being higher than its target. To be
safe, we recommend that you use the power calculation based on the normal approximation.

Power

N

Np

P

Sel

Se2

Sel - Se2
PD

Alpha

The probability of rejecting a false null hypothesis when the alternative hypothesis is true.

The total number of subjects in the study. N =Nb / P.

The number of diseased subjects in the study. No =N x P.

Disease Prevalence. The proportion of individuals in the population that have the disease (or condition).
The sensitivity of Test 1.
The sensitivity of Test 2.

The sensitivity difference to detect.

Proportion Discordant. The proportion of subjects for whom the results of the two tests do not match.

The probability of rejecting a true null hypothesis.
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Summary Statements

A paired diagnostic test design (both diagnostic tests are performed on each subject) will be used to test the
sensitivity of diagnostic test 1 against the sensitivity of diagnostic test 2. The comparison will be made using a
two-sided, paired-sample McNemar Test with a Type | error rate (a) of 0.05. The prevalence of the disease (or
condition) in the population is assumed to be 0.2, and the proportion of discordant pairs is assumed to be 0.3. To
detect a sensitivity difference of -0.071 (test 1 sensitivity: 0.71, test 2 sensitivity: 0.781) with a total sample size of
300, the power is 0.11747.

Dropout-Inflated Sample Size

Dropout-
Inflated Expected
Enroliment Number of
Sample Size Sample Size Dropouts
Dropout Rate N N' D
20% 300 375 75
20% 600 750 150
20% 900 1125 225
20% 1200 1500 300
20% 1500 1875 375
20% 1800 2250 450
20% 2100 2625 525
20% 2400 3000 600

Dropout Rate  The percentage of subjects (or items) that are expected to be lost at random during the course of the study
and for whom no response data will be collected (i.e., will be treated as "missing"). Abbreviated as DR.

N The evaluable sample size at which power is computed (as entered by the user). If N subjects are evaluated
out of the N' subjects that are enrolled in the study, the design will achieve the stated power.
N' The total number of subjects that should be enrolled in the study in order to obtain N evaluable subjects,

based on the assumed dropout rate. N' is calculated by inflating N using the formula N'= N/ (1 - DR), with
N' always rounded up. (See Julious, S.A. (2010) pages 52-53, or Chow, S.C., Shao, J., Wang, H., and
Lokhnygina, Y. (2018) pages 32-33.)

D The expected number of dropouts. D = N' - N.

Dropout Summary Statements

Anticipating a 20% dropout rate, 375 subjects should be enrolled to obtain a final sample size of 300 subjects.
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This report shows the values of each of the parameters, one scenario per row.
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Plots Section

Plots
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These plots show the relationship between power, sample size, and Se2 in this example.
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Example 2 - Finding the Sample Size

Continuing with Example 1, suppose you want to study the impact of various choices for Se2 on sample size.
Using a significance level of 0.05 and 90% power, find the sample size when Se2 is 78.10%, 81.65%, 85.20%,
and 88.75%. Assume a two-tailed test is used.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 2 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab

SOIVE FOI .o Sample Size

Power Calculation Method.............cccccevviveeenn. Multinomial Enumeration
Max Nb for Multinomial Enumeration............. 2000

Alternative Hypothesis ............cccvvvieveeeiiiinnns Two-Sided

POWET ...coiiiiiie e 0.9

Alpha......oo e 0.05

P (Disease Prevalence) ..........cccccuvveveeeieiinnns 0.2

Sel (Sensitivity of Test 1) .....ccoeeviiiiiiiiienennnne 0.71

Se2 (Sensitivity Of TeSt 2)....covevivveeriiireeeneen. 0.7810 0.8165 0.8520 0.8875
PD (Proportion Discordant)..........ccccccccceevunnnes 0.3
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Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Results

Solve For:

Alternative Hypothesis:

Sample Size

Two-Sided (H1: Sel - Se2 # 0)

Test Type: McNemar's Test
Number of
Subjects Sensitivity
Disease Proportion

Total Diseased Prevalence  Test1l Test 2 Difference Discordant Target
Power* N Nbp P Sel Se2 Sel - Se2 PD  Alphat
0.90005 3215 643 0.2 0.71  0.7810 -0.0710 0.3 0.05
0.90097 1440 288 0.2 0.71  0.8165 -0.1065 0.3 0.05
0.90001 795 159 0.2 0.71  0.8520 -0.1420 0.3 0.05
0.90102 510 102 0.2 0.71  0.8875 -0.1775 0.3 0.05

* Power was computed using multinomial enumeration of all possible outcomes (unconditional).

T Warning: For small values of Nbp (i.e., less than 100), power computed by Multinomial Enumeration may be overly optimistic
because the discrete nature of the multinomial distribution results in the actual alpha value being higher than its target. To be
safe, we recommend that you use the power calculation based on the normal approximation.

It is interesting to note the reduction in sample size of the paired design over the two-sample design
discussed in Chapter 275. A comparison of these sample sizes to those shows a reduction of over 50%.
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Example 3 - Validation using Machin et al. (2009)

Machin et al. (2009) page 166-167 gives the results of a sample size determination in which Se1 =0.27, Se2 =
0.66, P = 0.25, alpha = 0.05 (two-sided), and power = 0.80. The resulting sample size is 80 using one formula
and 100 using another. The formulas used in their book are based on a conditional argument that does not
require the proportion discordant. We will compare our results to theirs using PD = 0.4, 0.5, and 0.6 and
calculate power using Multinomial Enumeration.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 3 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab

SOIVE FOI oot Sample Size
Power Calculation Method.............ccccoeiiinnns Multinomial Enumeration
Max Nb for Multinomial Enumeration............. 2000
Alternative Hypothesis ............cccvieeiiiiniiiinies Two-Sided
POWET ....ccoiiiiiiiiiiiiiiiiiiiiiiiieeeeee 0.8

Alpha.......co i 0.05

P (Disease Prevalence) ........cocccveeeieeeiiiinens 0.25

Sel (Sensitivity of Test 1) ....ceveeeviiiiiiiiieeeennn. 0.27

Se2 (Sensitivity of Test 2).....ceeeeviiiiiiiiieneennnn. 0.66

PD (Proportion Discordant)...........ccccceeeeiuuenee 0.40.50.6
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Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Results

Solve For: Sample Size
Alternative Hypothesis: Two-Sided (H1: Sel - Se2 # 0)
Test Type: McNemar's Test

Number of

Subjects Sensitivity

Disease Proportion
Total Diseased Prevalence  Testl  Test2 Difference Discordant Target

Power* N Nb P Sel Se2 Sel - Se2 PD  Alphat
0.83196 80 20 0.25 0.27 0.66 -0.39 0.4 0.05
0.80961 104 26 0.25 0.27 0.66 -0.39 0.5 0.05
0.81101 128 32 0.25 0.27 0.66 -0.39 0.6 0.05

* Power was computed using multinomial enumeration of all possible outcomes (unconditional).

T Warning: For small values of Nb (i.e., less than 100), power computed by Multinomial Enumeration may be overly optimistic
because the discrete nature of the multinomial distribution results in the actual alpha value being higher than its target. To be
safe, we recommend that you use the power calculation based on the normal approximation.

PASS has also obtained an N of 80 for the case when PD = 0.4. However, the sample size increases if PD is
0.5 or 0.6.
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