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Chapter 873

Logrank Tests for Paired Survival Data

Introduction

This module computes the sample size and power of logrank tests for paired subjects (such as twins or
eyes). The design parameters include uniform accrual for a fixed time followed by a fixed period of follow-
up. Itincludes a loss to follow-up parameter.

It is used to compare the survival of two groups, usually treatment and control.

The procedure is documented in Jung (2008).

Technical Details

Paired Logrank Test Statistic

The following details follow closely the results in Jung (2008).

Suppose N pairs of subjects are enrolled in a study during the accrual period of length t, and then observed
during a follow-up period of length t. Let T;; and T,; denote the bivariate survival-time variables with
marginal cumulative hazard functions A4 (t) for A,(t). The null hypotheses to be tested is Hy: A1 (t) = A,(t)
versus the alternative hypothesis H,: A{(t) # A,(t) for some t = 0. Let C; denote the censoring time of the
i pair. It is assumed that the C; are independent of Ty; and Ty;. Let Xj; = min (Ty;, C;) and Ay;= 1(Ty;, Cy).
Furthermore, let Yy;(t) = 1 (X; > t) and Y (t) = XV, Vi (D).

The logrank statistic is defined as
W =N f H(®){dA,(t) — dA, (D)}
0

where

Y1 ()Y, (b)

HO) = Y;(2) + Y2 (t)

N t
Re(®) = f V()" 1dNi (s)
0

N
Me® =) Nul®)
Nii(t) = Dl (X < t)
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Jung (1999) shows that for paired data, under the null hypothesis, W is asymptotically normal with mean 0
and variance a2,

Power Calculation
The sample size calculations below make the following assumptions
1. The paired subjects are accrued and censored at the same time points.

2. Pairs are uniformly accrued and then followed for a common period of t. The accrual period is t,
and the following period is 5.

3. The lost to follow-up is assumed to be exponentially distributed with hazard rate is v.
4. The paired logrank test will be used for the data analysis.

5. The dependency in survival times within each pair is modelled by the positive stable frailty model
based on the frailty coefficient 8 which is functionally related to the correlation between survival
times Ty; and Ty;.

6. Assume that the marginal survival distributions are exponential as defined below.

Based on these assumptions, we define the following relationships

1 119
S(ty,tp) = P(Ty; = t1,Ty; = t3) = exp <[{—log51(t1)}§ +{- logSz(tZ)}ﬁ] )
S () = P(Ty = t) = exp(—Axt) fork = 1,2

This reduces to

1 118
S(ty,t;) = exp <— [(Altl)e + (Aztz)e] )

The censoring time distribution is

(exp(—vt) ift <tr

t—t
G(t) = exp(—vt)[l— f] ifty <t <ty +t;

a

0 otherwise

The correlation between survival times Ty; and T,; is based only on the frailty coefficient as shown in the
following definition

_ fom fom{sl(tp t2) — S1(£1)S(t2)} dty dt, J f S (ul,uz)

du,du, — 2
Jvar(Ty;)var(Ty;)

Uiy

where a change of variables is made from ¢, to u; = exp(—ty). Note that the denominator of the second
integral was inadvertently left out of Jung (2008) and was supplied by the author.
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The numerator function becomes

1 149
Su(uq,up) = exp [—{(— logu,)? + (— loguz)e} ]

which only depends on 6. This gives a functional relationship between the frailty and the correlation which
can be solved numerically.

Jung (2008) shows that the mean and variance of the normally distributed test statistic W are given by

tatty e—(}\1+12+v)t 1 rtatts (t_tf)e—(xl+/lz+v)t
p=(—2) jo [m] =+ . [ oMt 5 oot ]dt

0% = of + o} — 204,

where

{ tattr [ o~ t22k+v)t 1 (tatts (t —t )e—(hk+21k,+v)t
2 _ f

o = Ak f [ :|

0 (

e~ Mt 4 g—Aat)2 dt —— (e~ it + e—A2t)2

n ]dt} fork + k' € {1,2}

atf

dA(ty, ty)

Jta-'—tf fta-'-tf S(tl, tZ)G(tl V tz)e—ﬂ.ztl—lltz
O1r =
12 0 0 (e—lltl + e—/’lztl)(e—)qtz + e—lztz)

dA(ty, t2) = {A(t1, t2) — 2, [/11|2(t1|t2)] -4 [/12|1(t2|t1)] + A1 4, }dty dt,

1, 1 1,672 1 e 1-9
Aty t2) = 2, (A4445t4t2)0 {(Altl)e + (Azfz)e} [{(Altl)e + (Aztz)G} + T]

1 1 1,61
Ao (el tir) = A (et ) {(/’lltl)§ + (Aztz)ﬁ} fork = k' € {1,2}

Note that (X VY) = max(X,Y).

Using these results, the power of a two-sided test for a particular N (humber of pairs) is given by.

\/N|,H|>

Power = @ <Zl—a/2 -
The required number of events is
E = N(dl + dz)

where

exp(—Ax tf)>

d =1— (1 —exp(—Axty) < P
a
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This power formula can be rearranged to give the following formula for the number of pairs.

2
2
o (21—% + Zl_[g>

N = -

To make certain that the required power is attained, the computed N is rounded up to the next integer and
then the power is recomputed with this final value of N.

Alternative Hazard Rate Input Types

The hazard rates A; and A, can be given in terms of the hazard ratio HR, the median survival times My and M,
or the cumulative survival proportions S and S; at time to. These various parameters are transformed to
hazard rates using

HR =2
=%
log2 —logS,(ty)
Ak = =
M, to
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Example 1 - Finding Sample Size

A researcher is planning a trial to compare the ability to stop blindness of a new treatment versus the
current treatment in subjects that have been recently diagnosed with diabetic retinopathy in both eyes.
Each subject will receive both treatments, randomized to the eyes.

A prior study has been used to set the hazard rate of the treatment group to 0.012 and of the control group
to 0.021. The power is set to 0.90 and the two-sided significance level to 0.05. Given the annual rates of
enrollment, the accrual time is set to 0.85.

The researcher would like to compare the sample requirements if the follow-up period is 1, 2, or 3 years and
if the lost to follow-up hazard rate is 0, 0.05, or 0.10.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 1 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab

SOIVE FOI .oiiiiiiiiet et Sample Size (Number of Pairs)
Alternative Hypothesis ............cccvieeiiiiiiiiinins Two-Sided

POWET ....ccoiiiiiiiiiiiiiiiiiiiiiiiieeeeee 0.90

Alpha... ..o 0.05

Ta (Accrual TImMe) .....eeeveeeiiiiiiiiieee e 0.85

TF (Follow-Up Time) ...cceveeiiiiiiiiieee e 123

v (Lost to Follow-Up Hazard Rate)................. 00.050.10

Hazard Rates Input TYpe .......coccuviiereeeiiiiiins M, A2 (Hazard Rates)
A (Hazard Rate - Group 1) ....vevveveeeviiinnnnnn. 0.012

A2 (Hazard Rate - Group 2) ......ccccoeevviviinennn. 0.021

Frailty Input TYPe ...cvveeeiiieee e © (Frailty Coefficient)
O (Frailty Coefficient)........cccccceeviiiiiiiieneeenn, 0.3
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Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Reports

Numeric Results

Solve For: Sample Size (Number of Pairs)
Groups: 1 = Treatment, 2 = Control
Hypothesis Type: Two-Sided
Test Statistic: Logrank Test
Data Distribution: Exponential
Accrual Type: Uniform
Sample Size Lost to

—— Follow-Up Time Hazard Rate

Number Number Hazaad ————— Hazard ——M8M Frailty Within-Pair

of Pairs  of Events Rate Accrual Follow-Up Ratio Treatment Control Coefficient Correlation
Power N E v Ta Tf HR M A2 e p Alpha
0.90023 1002 46.5 0.00 0.85 1 0.57143 0.012 0.021 0.3 0.8029 0.05
0.90023 1039 48.2 0.05 0.85 1 0.57143 0.012 0.021 0.3 0.8029  0.05
0.90002 1076 49.9 0.10 0.85 1 0.57143 0.012 0.021 0.3 0.8029  0.05
0.90019 594 46.5 0.00 0.85 2 057143 0.012 0.021 0.3 0.8029 0.05
0.90028 631 49.4 0.05 0.85 2 0.57143 0.012 0.021 0.3 0.8029  0.05
0.90018 669 52.4 0.10 0.85 2 057143 0.012 0.021 0.3 0.8029 0.05
0.90062 425 46.6 0.00 0.85 3 0.57143 0.012 0.021 0.3 0.8029  0.05
0.90051 462 50.7 0.05 0.85 3 0.57143 0.012 0.021 0.3 0.8029 0.05
0.90040 501 54.9 0.10 0.85 3 0.57143 0.012 0.021 0.3 0.8029  0.05
Power The probability of rejecting a false null hypothesis when the alternative hypothesis is true.
N The number of pairs, assuming no subject lost to dropout or follow-up during the study.
E The total number of events (failures) in both groups expected during the study.
v The lost to follow-up hazard rate. This can be converted to the proportion lost to follow-up during a single time

period.

Ta The length of the accrual time during which subjects are added to the study.
Tf The length of the follow-up time after the last subject is added to the study.

HR The hazard ratio is the treatment group's hazard rate divided by control group's hazard rate. HR = A1/ A2.
M The hazard rate of the treatment group.

A2 The hazard rate of the control group.

(S) The frailty coefficient is an index of the frailty (propensity to die) in the next instant. This value varies from 0 to 1.
Subjects with higher frailty coefficients tend to die sooner than those with a lower frailty.

p The within-pair correlation coefficient is the correlation between the two items of a pair. It is related to the frailty

through a complicated, functional relationship.
Alpha  The probability of rejecting a true null hypothesis.

Summary Statements

A paired design will be used to test whether the treatment group hazard rate is different from the control group
hazard rate. The comparison will be made using a two-sided logrank test, with a Type | error rate (a) of 0.05. Itis
assumed that the survival time distribution is approximated reasonably well by the exponential distribution. The lost
to follow-up hazard rate is assumed to be 0. The accrual time will be 0.85 and the follow-up time (time after
complete accrual) will be 1. The frailty coefficient will be 0.3 and the within-pair correlation coefficient will be
0.8029. To detect a hazard rate of 0.012 in the treatment group when the hazard rate of the control group is 0.021,
with 90% power, the number of needed pairs will be 1002. The expected number of events from both groups
during the study is 46.5.
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Plots Section
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These plots show the relationship between sample size, follow-up time, and v.

873-8
© NCSS, LLC. All Rights Reserved.


http://www.ncss.com/

PASS Sample Size Software NCSS.com

Logrank Tests for Paired Survival Data

Example 2 - Validation using Jung (2008)

Jung (2008) page 3360 gives an example of a two-sided test in which power = 0.90, alpha = 0.05, Ta =3, Tf =
2,1, =03,2,=0.5,v=0,0.1,and 8 = 0.9. Jung calculates N to be 106 and 121.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 2 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab
SOIVE FOI .o Sample Size (Number of Pairs)
Alternative Hypothesis ...........ccccvvvievieeiiiiinnns Two-Sided
POWET ....ccoiiiiiiiiiiiiiiiiiiiiiieeeeeeee 0.90
Alpha... ..o 0.05
Ta (Accrual Time) .....vvvveeeiiiviiiiiieee e, 3
Tf (FOllow-Up TiMe) ...cooeeeiiiiiiiiieeeeeiiieeen 2
v (Lost to Follow-Up Hazard Rate)................. 00.10
Hazard Rates Input TYpe .......coccuvveereeeiiiiiins M, A2 (Hazard Rates)
M (Hazard Rate - Group 1) .....coeeveeeiiiiiiineennn. 0.3
A2 (Hazard Rate - Group 2) ......ccceeeevvvvvnnnnnn. 0.5
Frailty Input TYPe ...oevveeeiiieeei e © (Frailty Coefficient)
O (Frailty Coefficient)........cccccceeveiiiiiiiieneeenn, 0.9
Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Results

Solve For: Sample Size (Number of Pairs)
Groups: 1 = Treatment, 2 = Control
Hypothesis Type: Two-Sided
Test Statistic: Logrank Test
Data Distribution: Exponential
Accrual Type: Uniform
Sample Size Lost to

— — Follow-Up Time Hazard Rate

Number Number Hazard ———— Hazard ——M«—«—— Frailty ~ Within-Pair

of Pairs  of Events Rate Accrual Follow-Up Ratio Treatment Control Coefficient Correlation
Power N E \Y Ta Tf HR M A2 e p Alpha
0.90056 107 154.9 0.0 3 2 0.6 0.3 0.5 0.9 0.10349 0.05
0.90218 122 176.6 0.1 3 2 0.6 0.3 0.5 0.9 0.10349 0.05

PASS has calculated N to be 107 and 122. Note that both values are one more than in Jung's article. This is
because PASS guarantees at least the target power of 0.9. The powers for 106 and 121 were slightly less
than 0.90.
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