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Chapter 205

Non-Zero Null Tests for the Difference
Between Two Proportions

Introduction

This module computes power and sample size for hypothesis tests of the difference between two
independent proportions where the null-hypothesized value is non-zero. The non-offset case is available in
another procedure. This procedure compares the power achieved by each of several test statistics.

The power calculations assume that independent, random samples are drawn from two populations.

Technical Details

Suppose you have two populations from which dichotomous (binary) responses will be recorded. The
probability (or risk) of obtaining the event of interest in population 1 (the treatment group) is p; and in
population 2 (the control group) is p,. The corresponding failure proportions are given by g; = 1 — p; and

gz =1—py.
An assumption is made that the responses from each group follow a binomial distribution. This means that

the event probability, p;, is the same for all subjects within the group and that the response from one
subject is independent of that of any other subject.

Random samples of m and n individuals are obtained from these two populations. The data from these
samples can be displayed in a 2-by-2 contingency table as follows

Group Success Failure Total
Treatment a c m
Control b d n
Total s f N

The following alternative notation is sometimes used.

Group Success Failure Total
Treatment X11 X12 ny
Control X1 X232 n,
Total my m, N

The binomial proportions, p; and p,, are estimated from these data using the formulae

A a  X11 d 5 b x4
m n n n,
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Comparing Two Proportions

When analyzing studies such as this, you usually want to compare the two binomial probabilities, p; and p,.
The most direct method of comparing these quantities is to calculate their difference or their ratio. If the
binomial probability is expressed in terms of odds rather than probability, another measure is the odds
ratio. Mathematically, these comparison parameters are

Parameter Computation
Difference 6=pL—p;

Risk Ratio d=p1/p2

Odds Ratio = 2o/UoPy) _ Pady

p2/(1-p3) ~ pady

The choice of which of these measures is used might seem arbitrary, but it is not. Not only will the
interpretation be different, but, for small sample sizes, the powers of tests based on different parameters
will be different. The non-null case is commonly used in equivalence and non-inferiority testing.

Difference

The (risk) difference, § = p; — p,. is perhaps the most direct method of comparison between the two event
probabilities. This parameter is easy to interpret and communicate. It gives the absolute impact of the
treatment. However, there are subtle difficulties that can arise with its interpretation.

One interpretation difficulty occurs when the event of interest is rare. If a difference of 0.001 were reported
for an event with a baseline probability of 0.40, we would probably dismiss this as being of little importance.
That is, there is usually little interest in a treatment that decreases the probability from 0.400 to 0.399.
However, if the baseline probability of a disease was 0.002 and 0.001 was the decrease in the disease
probability, this would represent a reduction of 50%. Thus, we see that interpretation depends on the
baseline probability of the event.

A similar situation occurs when the amount of possible difference is considered. Consider two events, one
with a baseline event rate of 0.40 and the other with a rate of 0.02. What is the maximum decrease that can
occur? Obviously, the first event rate can be decreased by an absolute amount of 0.40, while the second can
only be decreased by a maximum of 0.02.

So, although creating the simple difference is a useful method of comparison, care must be taken that it is
appropriate for the situation.
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Hypothesis Tests

Although several statistical tests are available for testing the inequality of two proportions, only a few can be
generalized to the non-null case. No single test is the champion in every situation, so one should compare
the powers of the various tests to determine which to use.

Difference

The (risk) difference, § = p; — p,. is perhaps the most direct method for comparing two proportions. Three
sets of statistical hypotheses can be formulated:

1. Hy:pi —py = 6y versus Hqi:p; — py # O, this is often called the two-tailed test.
2. Hy:py —pp < 9y versus Hy:py — py > &y, this is often called the upper-tailed test.

3. Hy:py —p2 = 8y versus Hqi:ps — py < 6y, this is often called the lower-tailed test.

Power Calculation

The power for a test statistic that is based on the normal approximation can be computed exactly using two
binomial distributions. The following steps are taken to compute the power of such a test.

1. Find the critical value (or values in the case of a two-sided test) using the standard normal distribution.
The critical value, Zpiticqi, 1S that value of z that leaves exactly the target value of alpha in the
appropriate tail of the normal distribution. For example, for an upper-tailed test with a target alpha of
0.05, the critical value is 1.645.

2. Compute the value of the test statistic, z;, for every combination of x4, and x,;. Note that x;4 ranges
from 0 to nq, and x5, ranges from 0 to n,. A small value (around 0.0001) can be added to the zero cell
counts to avoid numerical problems that occur when the cell value is zero.

3. If z; > Zriticar, the combination is in the rejection region. Call all combinations of x;; and x,4 that
lead to a rejection the set A.

4. Compute the power for given values of p; ; (p; under the alternative) and p, as
_p n x11 My—xq1 (T2 X21 , M2—X21
1-g= Z (x11) P11 11 (x21)p2 q .
A

5. Compute the actual value of alpha achieved by the design by substituting p; o (p; under the null) for
p1.1 to obtain

at = (nl )px11qn1—x11 (nz )pxuqnz—xu
E x11) P10 910 x,,) P2 42
A
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Asymptotic Approximations

When the values of ny and n, are large (say over 200), these formulas often take a long time to evaluate. In
this case, a large sample approximation is used. The large sample approximation is made by replacing the
values of p; and p, in the z values with the corresponding values of p; and p, under the alternative
hypothesis and then computing the results based on the normal distribution. Note that in large samples,
the Farrington and Manning statistic is substituted for the Gart and Nam statistic. Also, for large samples,
the results for the odds ratio have not (to our knowledge) been published. In this case, we substitute the
calculations based on the ratio.

Test Statistics

Several test statistics have been proposed for testing whether the difference, ratio, or odds ratio are
different from a specified value. The main difference among the several test statistics is in the formula used
to compute the standard error used in the denominator. These tests are based on the following z-test

Pr— P, —6p—c
G

Zt=

The constant, ¢, represents a continuity correction that is applied in some cases. When the continuity
correction is not used, cis zero. In power calculations, the values of p; and p, are not known. The
corresponding values of p; and p, under the alternative hypothesis are reasonable substitutes.

Following is a list of the test statistics available in PASS. The availability of several test statistics begs the
question of which test statistic you should use. The answer is simple: you should use the test statistic that
you will use to analyze your data. You may choose a method because it is a standard in your industry,
because it seems to have better statistical properties, or because your statistical package calculates it.
Whatever your reasons for selecting a certain test statistic, you should use the same test statistic during
power or sample calculations.

Z Test (Pooled)

This test was first proposed by Karl Pearson in 1900. Although this test is usually expressed directly as a chi-
square statistic, it is expressed here as a z statistic so that it can be more easily used for one-sided
hypothesis testing. The proportions are pooled (averaged) in computing the standard error. The formula for
the test statistic is

p1— P2 — 6o
Zy = —
01
where
= [p—p) (4 -0)
0= |P p n ' n,
- niPy + nyp,
p n, +n,
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Z Test (Unpooled)

This test statistic does not pool the two proportions in computing the standard error.

P1— P2 — b
th—/\
)

where

ny ny

o jm(l—m po(1— )
0, = +

Z Test with Continuity Correction (Pooled)

This test is the same as Z Test (Pooled), except that a continuity correction is used. Recall that in the null
case, the continuity correction makes the results closer to those of Fisher's Exact test.
A A Frl 1
R — & +7(n_1+n_2)
Zy = =
01

where

61=jﬁ(1—ﬁ)(nil+ni2)

nipy + nyp,

p= n, +n,

where Fis -1 for lower-tailed, 1 for upper-tailed, and both -1 and 1 for two-sided hypotheses.

Z Test with Continuity Correction (Unpooled)

This test is the same as the Z Test (Unpooled), except that a continuity correction is used. Recall that in the
null case, the continuity correction makes the results closer to those of Fisher's Exact test.
A A Frl 1
R =& +7(n_1+n_2)
Zy = =
)

where

o jﬁl(l—m p(1— py)
0, = +

ny n;

where Fis -1 for lower-tailed, 1 for upper-tailed, and both -1 and 1 for two-sided hypotheses.

205-5
© NCSS, LLC. All Rights Reserved.


http://www.ncss.com/

PASS Sample Size Software NCSS.com

Non-Zero Null Tests for the Difference Between Two Proportions

T-Test

Based on a detailed, comparative study of the behavior of several tests, D’Agostino (1988) and Upton (1982)
proposed using the usual two-sample t-test for testing whether the two proportions are equal. One
substitutes a ‘1" for a success and a ‘0’ for a failure in the usual, two-sample t-test formula.

Miettinen and Nurminen'’s Likelihood Score Test

Miettinen and Nurminen (1985) proposed a test statistic for testing whether the difference is equal to a
specified, non-zero, value, §,. The regular MLE's, p; and p,, are used in the numerator of the score statistic
while MLE's p; and p,, constrained so that p; — P, = §,, are used in the denominator. A correction factor of
N/(N-1) is applied to make the variance estimate less biased. The significance level of the test statistic is
based on the asymptotic normality of the score statistic.

The formula for computing this test statistic is

L _bi=Pa=8
MND GmND
where
6 _ (251‘71 n 52‘72)( N )
MND ny n, /\N—1
p1 = P2 + 6
5, = 2Bcos(A) Ly
P, = 2Bcos 3L,
_ 1 ¢
A= —[n + cos (ﬁ)]
B = sign(C)
L Ll L
2713  6L%  2L3
Lo = x2160(1 — &)
Ll = [n260 - N - 2x21]50 + m1
Lz = (N+n2)60_N_m1
L3 = N
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Farrington and Manning's Likelihood Score Test

Farrington and Manning (1990) proposed a test statistic for testing whether the difference is equal to a
specified value, §,. The regular MLE's, p; and p,, are used in the numerator of the score statistic while MLE'’s
Py and p,, constrained so that p; — P, = &, are used in the denominator. The significance level of the test
statistic is based on the asymptotic normality of the score statistic.

The formula for computing the test statistic is

P1 — Py — 8

M . Pad
141 242
(n1+n2)

where the estimates, p; and p,, are computed as in the corresponding test of Miettinen and Nurminen
(1985) given above.

Gart and Nam'’s Likelihood Score Test

Gart and Nam (1990), page 638, proposed a modification to the Farrington and Manning (1988) difference
test that corrects for skewness. Let zgyp(6) stand for the Farrington and Manning difference test statistic
described above. The skewness-corrected test statistic, z;yp, is the appropriate solution to the quadratic
equation

(—"zénp + (=D zenp + (Zrup(8) +7) =0

where

7=VW%®<m%ﬁh—ﬁo_ﬁﬂx%—ﬁg>

2 2
6 ny n;
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Example 1 - Finding Power

A study is being designed to study the effectiveness of a new treatment. Historically, the standard treatment
has enjoyed a 60% cure rate. The new treatment reduces the seriousness of certain side effects that occur
with the standard treatment. Thus, the new treatment will be adopted even if it is slightly less effective than
the standard treatment. The researchers will recommend adoption of the new treatment if it has a cure rate
of at least 55%.

The researchers plan to use the Farrington and Manning likelihood score test statistic to analyze the data.
They want to study the power of the one-sided Farrington and Manning test at group sample sizes ranging
from 50 to 2000 for detecting a difference significantly greater than -0.05 when the actual cure rate of the
new treatment ranges from 57% to 70%. The significance level will be 0.05.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 1 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab

SOIVE FOI ...t Power

Power Calculation Method.............ccccoeiiinnns Normal Approximation
Alternative Hypothesis ............ccccvvieveeeiiiinins One-Sided (H1: P1 - P2 > 50)
TSt TY P et Likelihood Score (Farr. & Mann.)
Alpha.....ooo e 0.05

Group Allocation ...........ccccvvveieeeiiiiiiiiiiee e Equal (N1 =N2)

Sample Size Per Group .......ccccceeevicvieeeenenenne 50 100 250 500 1000 1500 2000
INPUE TYPE ... Differences

00 (Difference|lHO = P1.0 - P2).........cccvvvven.. -0.05

o1 (Difference|lH1 =P1.1-P2).......ccooiinnneee.n. -0.03 0.00 0.05 0.10

P2 (Group 2 Proportion)...........ccceveeveeeiiiinnns 0.6
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Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Reports

Numeric Results

Solve For: Power
Test Statistic: Farrington & Manning Likelihood Score Test
Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>30

Proportions Difference
Sample Size
P1|HO P1|H1 Reference Diff|HO Diff|H1
Power* N1 N2 N P1.0 P1.1 P2 80 o1 Alpha
0.07486 50 50 100 0.55 0.57 0.6 -0.05 -0.03 0.05
0.08748 100 100 200 0.55 0.57 0.6 -0.05 -0.03 0.05
0.11711 250 250 500 0.55 0.57 0.6 -0.05 -0.03 0.05
0.15829 500 500 1000 0.55 0.57 0.6 -0.05 -0.03 0.05
0.23101 1000 1000 2000 0.55 0.57 0.6 -0.05 -0.03 0.05
0.29755 1500 1500 3000 0.55 0.57 0.6 -0.05 -0.03 0.05
0.35965 2000 2000 4000 0.55 0.57 0.6 -0.05 -0.03 0.05
0.12866 50 50 100 0.55 0.60 0.6 -0.05 0.00 0.05
0.17843 100 100 200 0.55 0.60 0.6 -0.05 0.00 0.05
0.30784 250 250 500 0.55 0.60 0.6 -0.05 0.00 0.05
0.48830 500 500 1000 0.55 0.60 0.6 -0.05 0.00 0.05
0.73862 1000 1000 2000 0.55 0.60 0.6 -0.05 0.00 0.05
0.87534 1500 1500 3000 0.55 0.60 0.6 -0.05 0.00 0.05
0.94345 2000 2000 4000 0.55 0.60 0.6 -0.05 0.00 0.05
0.27032 50 50 100 0.55 0.65 0.6 -0.05 0.05 0.05
0.42722 100 100 200 0.55 0.65 0.6 -0.05 0.05 0.05
0.74745 250 250 500 0.55 0.65 0.6 -0.05 0.05 0.05
0.94785 500 500 1000 0.55 0.65 0.6 -0.05 0.05 0.05
0.99855 1000 1000 2000 0.55 0.65 0.6 -0.05 0.05 0.05
0.99997 1500 1500 3000 0.55 0.65 0.6 -0.05 0.05 0.05
1.00000 2000 2000 4000 0.55 0.65 0.6 -0.05 0.05 0.05
0.47083 50 50 100 0.55 0.70 0.6 -0.05 0.10 0.05
0.71963 100 100 200 0.55 0.70 0.6 -0.05 0.10 0.05
0.97003 250 250 500 0.55 0.70 0.6 -0.05 0.10 0.05
0.99959 500 500 1000 0.55 0.70 0.6 -0.05 0.10 0.05
1.00000 1000 1000 2000 0.55 0.70 0.6 -0.05 0.10 0.05
1.00000 1500 1500 3000 0.55 0.70 0.6 -0.05 0.10 0.05
1.00000 2000 2000 4000 0.55 0.70 0.6 -0.05 0.10 0.05

* Power was computed using the normal approximation method.

Power The probability of rejecting a false null hypothesis when the alternative hypothesis is true.

N1 and N2  The number of items sampled from each population.

N The total sample size. N = N1 + N2.

P1 The proportion for group 1, which is the treatment or experimental group.

P1.0 The proportion for group 1 under the null hypothesis.

P11 The proportion for group 1 under the alternative hypothesis at which power and sample size calculations are
made.

P2 The proportion for group 2, which is the standard, reference, or control group.

o0 The difference in proportions under the null hypothesis, HO. 80 = P1.0 - P2.

ol The difference in proportions under the alternative hypothesis, H1. 81 = P1.1 - P2.

Alpha The probability of rejecting a true null hypothesis.

Summary Statements

A parallel two-group design will be used to test whether the Group 1 (treatment) proportion (P1) is different from
the Group 2 (reference) proportion (P2) by a margin, with a non-zero null margin of -0.05 (HO: P1 - P2 <-0.05
versus H1: P1 - P2 > -0.05). The comparison will be made using a one-sided, two-sample Score test (Farrington &
Manning) with a Type | error rate (a) of 0.05. The reference group proportion is assumed to be 0.6. To detect a
proportion difference (P1 - P2) of -0.03 (or P1 of 0.57) with sample sizes of 50 for the treatment group and 50 for

the reference group, the power is 0.07486.
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Dropout-Inflated Sample Size

Dropout-Inflated Expected

Enrollment Number of

Sample Size Sample Size Dropouts
Dropout Rate N1 N2 N N1' N2' N' D1 D2 D
20% 50 50 100 63 63 126 13 13 26
20% 100 100 200 125 125 250 25 25 50
20% 250 250 500 313 313 626 63 63 126
20% 500 500 1000 625 625 1250 125 125 250
20% 1000 1000 2000 1250 1250 2500 250 250 500
20% 1500 1500 3000 1875 1875 3750 375 375 750
20% 2000 2000 4000 2500 2500 5000 500 500 1000
Dropout Rate The percentage of subjects (or items) that are expected to be lost at random during the course of the study

and for whom no response data will be collected (i.e., will be treated as "missing"). Abbreviated as DR.

N1, N2, and N The evaluable sample sizes at which power is computed (as entered by the user). If N1 and N2 subjects
are evaluated out of the N1' and N2' subjects that are enrolled in the study, the design will achieve the
stated power.

N1, N2, and N' The number of subjects that should be enrolled in the study in order to obtain N1, N2, and N evaluable
subjects, based on the assumed dropout rate. N1' and N2' are calculated by inflating N1 and N2 using the
formulas N1'=N1/(1 - DR) and N2' = N2/ (1 - DR), with N1' and N2' always rounded up. (See Julious,
S.A. (2010) pages 52-53, or Chow, S.C., Shao, J., Wang, H., and Lokhnygina, Y. (2018) pages 32-33.)

D1, D2, and D The expected number of dropouts. D1 = N1' - N1, D2 = N2' - N2, and D = D1 + D2.

Dropout Summary Statements

Anticipating a 20% dropout rate, 63 subjects should be enrolled in Group 1, and 63 in Group 2, to obtain final group
sample sizes of 50 and 50, respectively.
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Plots Section

NCSS.com
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The values from the table are displayed in the above charts. These charts give us a quick look at the sample

size that will be required for various values of 61.
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Example 2 - Finding the Sample Size

Continuing with the scenario given in Example 1, the researchers want to determine the sample size needed
to achieve 80% power for each value of A1.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 2 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab
Solve FOr ... Sample Size
Power Calculation Method Normal Approximation
Alternative Hypothesis ............cccvvvvevieeiiiininns One-Sided (H1: P1 - P2 > A0)
TSt TY P it Likelihood Score (Farr. & Mann.)
POWET ..o 0.80
Alpha.....coo e 0.05
Group AllOCatioN .........cooeiueiieiiieieiiiiieee e Equal (N1 = N2)
INPUE TYPE ... Differences
AO (Difference|HO = P1.0 - P2) ....ccceevivvrennns -0.05
A1 (Difference|H1 = P1.1 - P2) ...cccceeviivveennnns -0.030.000.050.10
P2 (Group 2 Proportion)...........ccccveereeeiiiinnns 0.6
Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Results

Solve For: Sample Size
Test Statistic: Farrington & Manning Likelihood Score Test
Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>30

Proportions Difference
Power Sample Size
P1|HO P1|H1 Reference Diff|HO Diff|[H1
Target Actual* N1 N2 N P1.0 P11 P2 80 51 Alpha
0.8 0.80003 7491 7491 14982 0.55 0.57 0.6 -0.05 -0.03 0.05
0.8 0.80019 1186 1186 2372 0.55 0.60 0.6 -0.05 0.00 0.05
0.8 0.80084 290 290 580 0.55 0.65 0.6 -0.05 0.05 0.05
0.8 0.80113 125 125 250 0.55 0.70 0.6 -0.05 0.10 0.05

* Power was computed using the normal approximation method.

The required sample size will depend a great deal on the value of 61. The researchers should spend time
determining the most accurate value for &1.
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Example 3 - Comparing the Power of Several Test
Statistics

Continuing with Example 2, the researchers want to determine which of the eight possible test statistics to
adopt by using the comparative reports and charts that PASS produces. They decide to compare the powers
from binomial enumeration and actual alphas for various sample sizes between 50 and 200 when &1 is 0.1.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 3 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab

SOIVE FOF .o Power

Power Calculation Method.............c.ccccoceeniieineennn. Binomial Enumeration
Maximum N1 or N2 for Binomial Enumeration......... 5000

Zero Count Adjustment Method............ccccceeeeiiiinins Add to zero cells only

Zero Count Adjustment Value............cccvveeeeeeieiiinnns 0.0001

Alternative Hypothesis ..........cccueeiieiiiiiiiiiiiee e One-Sided (H1: P1 - P2 > 80)
T ST TY P tiiiiiie ettt e e Likelihood Score (Farr. & Mann.)
AlPNaL....c 0.05

Group AllOCALION .....c.cooiiiiiiiiieee e Equal (N1 = N2)

Sample Size Per Group .......eevveeeeiiiiiieeeee e ieiiineeean 50 100 150 200

INPUE TYPO ...t Differences

00 (Difference|HO = P1.0 - P2)......cccociviiriiieeiineeenne -0.05

01 (Difference|H1 = P1.1 - P2)....cccccoovieeniiiieiiiienne 0.05

P2 (Group 2 Proportion)...........cccuveeieeeaeniiiiiieeaeeene 0.6

Reports Tab

Show Comparative Reports..........ccccvvvveeeeeeiicivnneennn. Checked

Comparative Plots Tab

Show Comparative PIOtS...........ccooviiviiieeeeeiiiiiieen. Checked
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Output

Click the Calculate button to perform the calculations and generate the following output.

Power Comparison of Eight Different Tests

Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>030
Power
Sample Size

Target Z(P)  Z(UnP) Z(P) Z(UnP) T F.M. M.N. G.N.
N1 N2 N P2 80 51 Alpha Test Test CCTest CCTest Test Score Score Score
50 50 100 0.6 -0.05 0.05 0.05 0.2720  0.2720 0.2064 0.2096 0.2694 0.2720 0.2694  0.2720
100 100 200 06 -0.05 0.05 0.05 0.4207 0.4248 0.3663 0.3663 0.4178 0.4207 0.4207 0.4207
150 150 300 0.6 -0.05 0.05 0.05 0.5540  0.5540 0.5054 0.5054 0.5504 0.5540 0.5519  0.5519
200 200 400 06 -0.05 0.05 0.05 0.6654 0.6683 0.6286 0.6286 0.6624 0.6683 0.6654 0.6654
Note: Power was computed using binomial enumeration of all possible outcomes.
Actual Alpha Comparison of Eight Different Tests
Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>030

Alpha
Sample Size
Z(P)  Z(UnP) Z(P) Z(UnP) T F.M. M.N. G.N.

N1 N2 N P2 80 51 Target Test Test CCTest CCTest Test Score Score Score
50 50 100 0.6 -0.05 0.05 0.05  0.0527 0.0527 0.0342 0.0343 0.0526 0.0527 0.0526  0.0527
100 100 200 0.6 -0.05 0.05 0.05  0.0499 0.0500 0.0369 0.0369 0.0499 0.0499 0.0499  0.0499
150 150 300 06 -0.05 0.05 0.05 0.0509 0.0509 0.0398 0.0398 0.0509 0.0509 0.0509 0.0509
200 200 400 0.6 -0.05 0.05 0.05  0.0479 0.0482 0.0387 0.0387  0.0477 0.0482  0.0479  0.0479

Note: Actual alpha was computed using binomial enumeration of all possible outcomes.
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Plots
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It is interesting to note that the powers of the continuity-corrected test statistics are consistently lower than
the other tests. This occurs because the actual alpha achieved by these tests is lower than for the other
tests.
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Example 4 - Comparing Power Calculation Methods

Continuing with Example 3, let's see how the results compare if we were to use approximate power
calculations instead of power calculations based on binomial enumeration.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 4 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab

Solve FOr ... Power

Power Calculation Method Normal Approximation
Alternative Hypothesis ............cccvvvvevieeiiiininns One-Sided (H1: P1 - P2 > 50)
TSt TY P it Likelihood Score (Farr. & Mann.)
Alpha... ..o 0.05

Group AllOCatioN .........cooeiueiieiiieieiiiiieee e Equal (N1 = N2)

Sample Size Per Group .......cccceeevivveeieneeennne 50 100 150 200

INPUE TYPE ... Differences

00 (Difference|HO = P1.0 - P2).......ccccovvrerunen. -0.05

01 (Difference|H1 = P1.1 - P2)......c.cccvveennenn. 0.05

P2 (Group 2 Proportion)...........ccccveereeeiiiinnns 0.6

Reports Tab

Show Power Detail Report............ccccvvvveeeeene Checked

Output

Click the Calculate button to perform the calculations and generate the following output.

Power Detail Report

Test Statistic: Farrington & Manning Likelihood Score Test
Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>30

Normal Binomial
Sample Size Approximation Enumeration
N1 N2 N P2 80 o1 Power Alpha Power Alpha
50 50 100 0.6 -0.05 0.05 0.27032 0.05 0.27200 0.0527
100 100 200 0.6 -0.05 0.05 0.42722 0.05 0.42069 0.0499
150 150 300 0.6 -0.05 0.05 0.55774 0.05 0.55405 0.0509
200 200 400 0.6 -0.05 0.05 0.66361 0.05 0.66826 0.0482

Notice that the approximate power values are close to the binomial enumeration values for all sample sizes.
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Example 5 - Finding the Power after Completing an
Experiment

Researchers are studying the effectiveness of a new treatment for cancer. Historically, the standard
treatment has enjoyed a 52% cure rate. The new experimental treatment is believed to be better, but it
costs much more to administer. After weighing cost versus effectiveness, the researchers decided that they
will adopt the new treatment if the cure rate is at least 59%. They conduct a study in which 200 patients are
given the new treatment, and 200 are given the standard regimen. They find that 66% are cured by the new
treatment, while 52% are cured by the standard treatment. The Farrington and Manning likelihood score
test, however, indicates that the results are not statistically significant for alpha = 0.05. They now desire to
compute the power for a range of alternative values.

Note that a range of alternatives is used in computing the power instead of the actual difference from the
study. The power should be computed at values representing practically significant differences from the null
value.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 5 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab

SOIVE FOI o Power

Power Calculation Method............cccccovoiviiiiiiicnnenn. Binomial Enumeration
Maximum N1 or N2 for Binomial Enumeration........... 5000

Zero Count Adjustment Method............cccceeiiiiiiieen.n. Add to zero cells only

Zero Count Adjustment Value..........cccccveeeeeeiiiinineen... 0.0001

Alternative Hypothesis .........ccccevviieeiiiee e One-Sided (H1: P1 - P2 > 50)
TSt TY P ietiieee ettt Likelihood Score (Farr. & Mann.)
AlPNAL.. 0.05

Group AllOCALION .....c.coeiiiiiiiieee e Equal (N1 = N2)

Sample Size Per Group .......ceeeeeeviciiiieeeeeeeiciiiieeee e 200

INPUE TYPO ... Differences

00 (Difference|HO = P1.0 - P2).....ccovvvivviiiiieeeiiieeenne 0.07

01 (Difference|HL = P1.1 - P2)....cccceeviiiviiiiiieeeiiiienne 0.08 to 0.20 by 0.02

P2 (Group 2 Proportion)............occueeeereeesiniiiieeeaeeene 0.52
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Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Results

Solve For: Power
Test Statistic: Farrington & Manning Likelihood Score Test
Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>30
Proportions Difference
Sample Size Alpha
P1|HO P1|H1 Reference Diff|[HO Diff|H1
Power* N1 N2 N P1.0 P11 P2 80 o1 Target Actual*
0.07152 200 200 400 0.59 0.60 0.52 0.07 0.08 0.05 0.0479
0.14459 200 200 400 0.59 0.62 0.52 0.07 0.10 0.05 0.0479
0.25814 200 200 400 0.59 0.64 0.52 0.07 0.12 0.05 0.0479
0.40895 200 200 400 0.59 0.66 0.52 0.07 0.14 0.05 0.0479
0.57829 200 200 400 0.59 0.68 0.52 0.07 0.16 0.05 0.0479
0.73684 200 200 400 0.59 0.70 0.52 0.07 0.18 0.05 0.0479
0.85910 200 200 400 0.59 0.72 0.52 0.07 0.20 0.05 0.0479

* Power and actual alpha were computed using binomial enumeration of all possible outcomes.
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The power depends a great deal on the value of &1 for this sample size. It is evident that the power is quite

low for the majority of alternative values studied.
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Example 6 - Validation of Sample Size Calculation for the
Farrington and Manning Test using Machin et al. (1997)

Machin et al. (1997), page 106, present a sample size study in which P2 = 0.5, 60 =-0.2, 61=0, one-sided
alpha = 0.1, and beta = 0.2. Using the Farrington and Manning test statistic, they found the sample size to be
55 in each group.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 6 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab
SOIVE FOI .o Sample Size
Power Calculation Method...........cccccoeeeviinins Normal Approximation
Alternative Hypothesis .........cccccooveeeeiiiieenns One-Sided (H1: P1 - P2 > 50)
TSt TY P et Likelihood Score (Farr. & Mann.)
POWET....ccoiiiiiiiiiiii i 0.80
Alpha.....ooo e 0.10
Group Allocation ...........ccccvvveveeeeiiiiiiiiieee e, Equal (N1 = N2)
INPUE TYPE ... Differences
00 (Difference|HO = P1.0 - P2).......cccccvvrerunen. -0.2
01 (Difference|H1 = P1.1 - P2)......ccccvveennnen. 0
P2 (Group 2 Proportion)...........ccccveereeeiennens 0.5
Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Results

Solve For: Sample Size
Test Statistic: Farrington & Manning Likelihood Score Test
Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>30

Proportions Difference
Power Sample Size
P1|HO P1|H1 Reference Diff|HO Diff|H1
Target Actual* N1 N2 N P1.0 P1.1 P2 80 81 Alpha
0.8 0.80009 55 55 110 0.3 0.5 0.5 -0.2 0 0.1

* Power was computed using the normal approximation method.

PASS found the required sample size to be 55, which corresponds exactly to the results of Machin et al.
(1997).
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Example 7 - Validation of Sample Size Calculation using
Farrington and Manning (1990)

Farrington and Manning (1990), page 1451, present a sample size study in which P2 = 0.05, 860 = 0.2, §61=0.35,
one-sided alpha = 0.05, and beta = 0.20. Using the Farrington and Manning test statistic, they found the
sample size to be 80 in each group. They mention that the true power is 0.813.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 7(a or b) settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab
SOIVE FOI .o Sample Size
Power Calculation Method...........cccccoeeeviinins Normal Approximation
Alternative Hypothesis ..........ccccoeveieeiiiieenns One-Sided (H1: P1 - P2 > 50)
TSt TYP e Likelihood Score (Farr. & Mann.)
POWET....ccoiiiiiiiiiiii i 0.80
Alpha.....ooo e 0.05
Group Allocation ...........ccccvvveveeeeiiiiiiiiieee e, Equal (N1 = N2)
INPUE TYPE ... Differences
00 (Difference|HO = P1.0 = P2).......ccccvveerunen. 0.2
01 (Difference|H1 = P1.1 = P2).....ccccvvevnnnen. 0.35
P2 (Group 2 Proportion)...........ccccueeereeeieninens 0.05
Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Results

Solve For: Sample Size
Test Statistic: Farrington & Manning Likelihood Score Test
Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>30

Proportions Difference
Power Sample Size
P1|HO P1|H1 Reference Diff|HO Diff|H1
Target Actual* N1 N2 N P1.0 P1.1 P2 80 81 Alpha
0.8 0.80068 80 80 160 0.25 0.4 0.05 0.2 0.35 0.05

* Power was computed using the normal approximation method.

PASS also calculated the required sample size to be 80.
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Next, to calculate the true power based on binomial enumeration for this sample size, we make the

following changes to the template.

Design Tab
SOIVE FO .. Power
Power Calculation Method..............coeeeiiiiiiiiiiiiienes Binomial Enumeration
Maximum N1 or N2 for Binomial Enumeration........... 5000
Zero Count Adjustment Method............cccceeiiiiiiieen.n. Add to zero cells only
Zero Count Adjustment Value ....0.0001
Sample Size Per Group ........eeeeeiiiiiiiieeeeeiiciiiieeee e 80
Numeric Results
Numeric Results
Solve For: Power
Test Statistic: Farrington & Manning Likelihood Score Test
Hypotheses: HO: P1-P2<80 vs. H1:P1-P2>30
Proportions Difference
Sample Size Alpha
P1]HO P1|H1 Reference Diff|[HO Diff|H1
Power* N1 N2 N P1.0 P1.1 P2 &0 o1 Target Actual*
0.8132 80 80 160 0.25 0.4 0.05 0.2 0.35 0.05 0.0553

* Power and actual alpha were computed using binomial enumeration of all possible outcomes.

PASS also calculated the true power to be 0.813.
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Example 8 - Validation of Sample Size Calculation for the
Unpooled Z-Test using Chow, Shao, and Wang (2008)

Chow, Shao, and Wang (2008) page 92 gives the results of a sample size calculation for an unpooled Z-test
for non-inferiority. This procedure can be used for the same test. When P1.0 = 0.55 (from § =-0.1), P1.1
=0.85, P2 = 0.65, power = 0.8, and alpha = 0.05, Chow, Shao, and Wang (2008) reports a required sample size
of 25.

Setup

This section presents the values of each of the parameters needed to run this example. First, from the PASS
Home window, load the Non-Zero Null Tests for the Difference Between Two Proportions procedure
window by expanding Proportions, then Two Independent Proportions, then clicking on Test (Non-Zero
Null), and then clicking on Non-Zero Null Tests for the Difference Between Two Proportions. You may
then make the appropriate entries as listed below, or open Example 8 by going to the File menu and
choosing Open Example Template.

Design Tab
SOIVE FOI .o Sample Size
Power Calculation Method...........cccccoeeeiiinins Normal Approximation
Alternative Hypothesis ..........ccccooveeeeiiiieenns One-Sided (H1: 81 > &0)
TSt TYP eeiieeieee et Z-Test (Unpooled)
POWET....ccoiiiiiiiiii i 0.80
Alpha.....ooo e 0.05
Group Allocation ...........ccccvvveieeeiiiiiiiiiiee e Equal (N1 = N2)
INPUE TYPE ... Proportions
P1.0 (Group 1 Proportion|HO) .........c.cccceeuueee 0.55
P1.1 (Group 1 Proportion|H1) ........cccceevriveennne 0.85
P2 (Group 2 Proportion)...........cccceeereeeieninens 0.65
Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Results

Solve For: Sample Size
Test Statistic: Z-Test with Unpooled Variance
Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>30

Proportions Difference
Power Sample Size
P1|HO P1|H1 Reference Diff|HO Diff|H1
Target Actual* N1 N2 N P1.0 P11 P2 80 51 Alpha
0.8 0.80858 25 25 50 0.55 0.85 0.65 -0.1 0.2 0.05

* Power was computed using the normal approximation method.

PASS also found the required sample size to be 25.
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Example 9 - Validation of Sample Size Calculation for the
Unpooled Z-Test using Julius and Campbell (2012)

Julius and Campbell (2012) presents Table XllI gives the results of sample size calculations for an unpooled
Z-test for non-inferiority for P2 between 0.7 and 0.9, | 60| between 0.05 and 0.20 and &1 between -0.05 and
0.05. Sample sizes are calculated for 90% power and alpha = 0.025. This example will replicate all values of
61 for P1=0.70 and | 80| = 0.20 in the table.

The sample sizes reported in the table for 61 between -0.05 and 0.05 are 205, 179, 157, 139, 124, 111, 100,
90, 81, 74, and 67.

Setup

If the procedure window is not already open, use the PASS Home window to open it. The parameters for this
example are listed below and are stored in the Example 8 settings file. To load these settings to the
procedure window, click Open Example Settings File in the Help Center or File menu.

Design Tab

SOIVE FOF .o Sample Size

Power Calculation Method.............ccccoeiiinnns Normal Approximation
Alternative Hypothesis ............ccccvvieveeiiiiiinns One-Sided (H1: P1 - P2 > 50)
TSt TYP et Z-Test (Unpooled)
POWET....cciiiiiiiiiiii e 0.90

Alpha... ..o 0.025

Group AlloCation ...........oocuveeeiiieiiiiiiiiieee e Equal (N1 = N2)

INPUE TYPE ... Differences

00 (Difference|HO = P1.0 - P2).......ccccvveerunen. -0.2

o1 (Difference|H1 = P1.1-P2).......cccouvrreen.n. -0.05to 0.05 by 0.01
P2 (Group 2 Proportion)...........cccevveveeeiiiinnns 0.70
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Output

Click the Calculate button to perform the calculations and generate the following output.

Numeric Results

Solve For: Sample Size
Test Statistic:  Z-Test with Unpooled Variance
Hypotheses: HO: P1-P2<30 vs. H1:P1-P2>30

Proportions Difference
Power Sample Size
P1|HO P1|H1 Reference Diff|[HO Diff|H1
Target Actual* N1 N2 N P1.0 P1.1 P2 &80 o1 Alpha
0.9 0.90096 205 205 410 0.5 0.65 0.7 -0.2 -0.05 0.025
0.9 0.90111 179 179 358 0.5 0.66 0.7 -0.2 -0.04 0.025
0.9 0.90047 157 157 314 0.5 0.67 0.7 -0.2 -0.03 0.025
0.9 0.90067 139 139 278 0.5 0.68 0.7 -0.2 -0.02 0.025
0.9 0.90142 124 124 248 0.5 0.69 0.7 -0.2 -0.01 0.025
0.9 0.90172 111 111 222 0.5 0.70 0.7 -0.2 0.00 0.025
0.9 0.90257 100 100 200 0.5 0.71 0.7 -0.2 0.01 0.025
0.9 0.90203 90 90 180 0.5 0.72 0.7 -0.2 0.02 0.025
0.9 0.90049 81 81 162 0.5 0.73 0.7 -0.2 0.03 0.025
0.9 0.90228 74 74 148 0.5 0.74 0.7 -0.2 0.04 0.025
0.9 0.90073 67 67 134 0.5 0.75 0.7 -0.2 0.05 0.025

* Power was computed using the normal approximation method.

The sample sizes from PASS match Table Xl of Julius and Campbell (2012) exactly.

We should point out that the values reported in Table Xlll for P1 - P2 =-0.04 where | 80| = 0.05 (45845,
41537, 36178, etc.) are incorrect for all P1 given. If you calculate the table values using formula (30) of Julius
and Campbell (2012) or using PASS, you'll find that each sample size in the table is 200 more than the
correct value. All other values in Table XlII are correct.
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