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Chapter 714 

One-Sample Logrank Tests Assuming a 
Weibull Model (Wu) 

Introduction 
This module computes the sample size and power of the one-sample logrank test which is used to compare 
the survival curve of a single treatment group to that of a historic control. Such is often the case in clinical 
phase-II trials with survival endpoints. Accrual time, follow-up time, and hazard rates are parameters that 
can be set.  

Several authors have presented sample size formulas for this situation. We have adopted those of Wu 
(2015) because his paper included an extensive simulation study that showed that his formulation is the 
most accurate. 

Technical Details 

One-Sample Logrank Test Statistic 
The following details follow closely the results in Wu (2015). 

Suppose N subjects are enrolled in a study during the accrual period of length ta and then observed during a 
follow-up period of length tf. Let ti and Ci denote the failure time and censoring time of the ith subject. The 
observed failure time is Xi = ti ^ Ci and the observed failure indicator is Δi = I(ti ≤ Ci). The one-sample logrank 
test L is defined in terms of the number of observed events O and the number of expected events E, as 
follows. 

𝐿𝐿 =
𝑂𝑂 − 𝐸𝐸
√𝐸𝐸

 

where 

𝑂𝑂 = �∆𝑖𝑖

𝑁𝑁

𝑖𝑖=1

 

𝐸𝐸 = �Λ0(𝑋𝑋𝑖𝑖)
𝑁𝑁

𝑖𝑖=1

 

Here Λ0(𝑋𝑋𝑖𝑖) represents the cumulative hazard function Λ0(𝑡𝑡) under the null hypothesis evaluated at Xi. The 
test statistic L is asymptotically distributed as the standard normal distribution under the null hypothesis. 
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The cumulative survival function is taken to be the Weibull distribution because of the many different 
shapes that it can take depending on its shape parameter. 

Power Calculation 
Wu (2015) gives the following power and sample size formulas for a one-sided hypothesis test based on L. 
Note that we use the subscript 0 to represent the historic control and the subscript 1 to represent the new 
treatment group. 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ≅ Φ�−
𝜎𝜎0
𝜎𝜎
𝑧𝑧1−𝛼𝛼 −

𝜔𝜔√𝑛𝑛
𝜎𝜎 � 

𝑛𝑛 =
(𝜎𝜎0𝑧𝑧1−𝛼𝛼 + 𝜎𝜎𝑧𝑧𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃)2

𝜔𝜔2  

where 

𝜔𝜔 = 𝜎𝜎12 − 𝜎𝜎02 

𝜎𝜎2 = 𝑝𝑝1 − 𝑝𝑝12 + 2𝑝𝑝00 − 𝑝𝑝02 − 2𝑝𝑝01 + 2𝑝𝑝0𝑝𝑝1 

𝜎𝜎02 = 𝑝𝑝0 

𝜎𝜎12 = 𝑝𝑝1 

𝑝𝑝0 = � 𝐺𝐺(𝑡𝑡)𝑆𝑆1(𝑡𝑡)λ0(𝑡𝑡)𝑑𝑑𝑡𝑡
∞

0
 

𝑝𝑝1 = � 𝐺𝐺(𝑡𝑡)𝑆𝑆1(𝑡𝑡)λ1(𝑡𝑡)𝑑𝑑𝑡𝑡
∞

0
 

𝑝𝑝00 = � 𝐺𝐺(𝑡𝑡)𝑆𝑆1(𝑡𝑡)Λ0(𝑡𝑡)λ0(𝑡𝑡)𝑑𝑑𝑡𝑡
∞

0
 

𝑝𝑝01 = � 𝐺𝐺(𝑡𝑡)𝑆𝑆1(𝑡𝑡)Λ0(𝑡𝑡)λ1(𝑡𝑡)𝑑𝑑𝑡𝑡
∞

0
 

Note that p1 gives the probability that a subject experiences a failure during the study.  

Assuming a uniform accrual, the censoring distribution function G(t) is given by 

𝐺𝐺(𝑡𝑡) =

⎩
⎪
⎨

⎪
⎧

1 if 𝑡𝑡 ≤ 𝑡𝑡𝑓𝑓

𝑡𝑡𝑎𝑎 + 𝑡𝑡𝑓𝑓 − 𝑡𝑡
𝑡𝑡𝑎𝑎

if 𝑡𝑡𝑓𝑓 ≤ 𝑡𝑡 ≤ 𝑡𝑡𝑎𝑎 + 𝑡𝑡𝑓𝑓

0 otherwise
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Note that ta represents the accrual time and tf represents the follow-up time. 

Assuming that failure times follow a two-parameter Weibull distribution, the cumulative survival function S(t) 
under null and alternative is given by 

𝑆𝑆0(𝑡𝑡) = exp�−𝜆𝜆0𝑡𝑡𝑘𝑘� 

𝑆𝑆1(𝑡𝑡) = exp�−𝜆𝜆1𝑡𝑡𝑘𝑘� 

The hazard and cumulative hazard functions are given as  

𝜆𝜆0(𝑡𝑡) = 𝑘𝑘𝜆𝜆0𝑡𝑡𝑘𝑘−1 

𝜆𝜆1(𝑡𝑡) = 𝑘𝑘𝜆𝜆1𝑡𝑡𝑘𝑘−1 

Λ0(t) = 𝜆𝜆0𝑡𝑡𝑘𝑘 

The values of the p0, p1, p00, and p01 can be calculated by numeric integration. 

The hazard rates λ0 and λ1 can be given in terms of the hazard ratio HR, the median survival times M0 and M1, 
or the survival proportions S0 and S1 at time t0. These parameters are defined as 

𝐻𝐻𝐻𝐻 =
𝜆𝜆1
𝜆𝜆0

 

𝜆𝜆0 =
log 2
𝑀𝑀0
𝑘𝑘 =

− log 𝑆𝑆0(𝑡𝑡0)
𝑡𝑡0𝑘𝑘

= 𝜃𝜃0−𝑘𝑘 

𝜆𝜆1 =
log 2
𝑀𝑀1
𝑘𝑘 =

− log 𝑆𝑆1(𝑡𝑡0)
𝑡𝑡0𝑘𝑘

= 𝜃𝜃1−𝑘𝑘 
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Example 1 – Finding the Sample Size 
A researcher is planning a clinical trial to compare the response of a new treatment to that of the current 
treatment. The median survival time in the current population is 1.54. The current population of responses 
exhibits a Weibull distribution with a shape parameter of 1.67. The researcher wants a sample size large 
enough to detect hazard ratios of 0.7 and 0.8 or less at a 5% significance level for a two-sided, one-sample 
logrank test. The accrual period will be 1 year. The researcher would like to compare the sample 
requirements if the follow-up period is 1, 2, or 3 years. 

Setup 
If the procedure window is not already open, use the PASS Home window to open it. The parameters for this 
example are listed below and are stored in the Example 1 settings file. To load these settings to the 
procedure window, click Open Example Settings File in the Help Center or File menu. 

 
Design Tab      
     _____________ _______________________________________ 

 

Solve For ....................................................... Sample Size 
Alternative Hypothesis ................................... Two-Sided 
Power............................................................. 0.90 
Alpha.............................................................. 0.05 
Ta (Accrual Time) .......................................... 1 
Tf (Follow-Up Time) ....................................... 1 2 3 
Input Type ...................................................... M0, HR (Median Survival, Hazard Ratio) 
M0 (Median Survival - Control) ...................... 1.54 
HR (Hazard Ratio - λ1/λ0) .............................. 0.7 0.8 
k (Weibull Shape Parameter) ......................... 1.67 
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Output 
Click the Calculate button to perform the calculations and generate the following output. 

Numeric Reports 
 
Numeric Results for the Two-Sided, One-Sample Logrank Test 
───────────────────────────────────────────────────────────────────────── 
Solve For: Sample Size 
───────────────────────────────────────────────────────────────────────── 
     λ1/λ0 Cntl New Wei-   
   Accr FU Haz Med Med bull  Prob 
  Events Time Time Ratio Surv Surv Shape  Event 
Power N E Ta Tf HR M0 M1 k Alpha P1 
────────────────────────────────────────────────────────────────────────────────────────────────────────────────────────────── 

0.9011 208 77 1 1 0.7 1.54 1.91 1.67 0.05 0.3706 
0.9004 495 203 1 1 0.8 1.54 1.76 1.67 0.05 0.4098 
0.9017 125 82 1 2 0.7 1.54 1.91 1.67 0.05 0.6591 
0.9007 300 212 1 2 0.8 1.54 1.76 1.67 0.05 0.7066 
0.9014 103 87 1 3 0.7 1.54 1.91 1.67 0.05 0.8481 
0.9003 249 220 1 3 0.8 1.54 1.76 1.67 0.05 0.8833 
───────────────────────────────────────────────────────────────────────── 
Power The probability of rejecting a false null hypothesis when the alternative hypothesis is true. 
N The sample size of the New group, assuming no subject lost to dropout or follow-up during the study. 
E The expected number of events (failures) in the new group during the study. 
Ta The length of the accrual time during which subjects are added to the study. Subjects are added uniformly. 
Tf The length of the follow-up time after the last subject is added to the study. 
HR The hazard ratio is the new group's hazard rate divided by the hazard rate of the historic control. HR = λ1/λ0. 
M0 The median survival time of the historic control group. 
M1 The median survival time of the new (treatment) group. 
k The shape parameter of the Weibull distribution used for both groups. 
Alpha The probability of rejecting a true null hypothesis. 
P1 The probability that a subject in the new group experiences an event (failure) during the study. 
 
 
Summary Statements 
───────────────────────────────────────────────────────────────────────── 
A two-sided, one-sample logrank test calculated from a sample of 208 subjects achieves 90.1% power at a 0.05 
significance level to detect a hazard ratio of 0.7 when the median survival time of the historic control group is 1.54. 
Subjects are accrued for a period of 1. Follow-up continues for a period of 1 after the last subject is added. The 
probability that a subject experiences an event during the study is 0.3706. The expected number of events during 
the study is 77. It is assumed that the survival time distribution is approximated reasonably well by the Weibull 
distribution with a shape parameter of 1.67. 
───────────────────────────────────────────────────────────────────────── 
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───────────────────────────────────────────────────────────────────────── 
 

This report presents the calculated sample sizes for each scenario as well as the values of the other 
parameters.  
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Plots Section 
 
Plots 
───────────────────────────────────────────────────────────────────────── 

 
 

 
 

These plots show the relationship between sample size, follow-up time, and HR.  
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Example 2 – Validation using Wu (2015) 

Wu (2015) gives an example in which the power is 0.80, alpha = 0.05 for a one-sided test, k = 1.22, Ta = 5 and 
Tf = 3, HR = 0.57143, and M0 = 9. Wu calculates N to be 88. 

Setup 
If the procedure window is not already open, use the PASS Home window to open it. The parameters for this 
example are listed below and are stored in the Example 2 settings file. To load these settings to the 
procedure window, click Open Example Settings File in the Help Center or File menu. 

 
Design Tab      
     _____________ _______________________________________ 

 

Solve For ....................................................... Sample Size 
Alternative Hypothesis ................................... One-Sided 
Power............................................................. 0.80 
Alpha.............................................................. 0.05 
Ta (Accrual Time) .......................................... 5 
Tf (Follow-Up Time) ....................................... 3 
Input Type ...................................................... M0, HR (Median Survival, Hazard Ratio) 
M0 (Median Survival - Control) ...................... 9 
HR (Hazard Ratio - λ1/λ0) .............................. 0.5714 
k (Weibull Shape Parameter) ......................... 1.22 
 

Output 
Click the Calculate button to perform the calculations and generate the following output. 

 
Numeric Results for the One-Sided, One-Sample Logrank Test 
───────────────────────────────────────────────────────────────────────── 
Solve For: Sample Size 
───────────────────────────────────────────────────────────────────────── 
     λ1/λ0 Cntl New Wei-   
   Accr FU Haz Med Med bull  Prob 
  Events Time Time Ratio Surv Surv Shape  Event 
Power N E Ta Tf HR M0 M1 k Alpha P1 
────────────────────────────────────────────────────────────────────────────────────────────────────────────────────────────── 

0.8032 88 17 5 3 0.571 9 14.24 1.22 0.05 0.1949 
───────────────────────────────────────────────────────────────────────── 
 

PASS has also calculated N as 88. 
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